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Abstract 
Let 2DK~, denote the complete directed multigraph with v vertices, where any two distinct 
vertices x and y are joined by 2 arcs (x,y) and 2 arcs (y,x). By a k-circuit we mean a directed 
cycle of length k. In this paper, we consider the problem of finding maximal packings and 
minimal coverings of 2DKv with k-circuits. In particular, we completely determine the packing 
number and covering number for the cases k -- 3 and 4. 
I. Introduction 
If  G is a graph, let DG be the directed graph obtained by replacing each edge ab of 
G with the two arcs (a,b) and (b,a). In particular, we denote by 2DKL. the complete 
directed multigraph with v vertices where any two distinct vertices x and y are joined 
by 2 arcs (x ,y )  and 2 arcs (y ,x) .  When ). = 1, we drop the notation 2 and write DK~ 
for 2DK~. 
In the last 30 years, there has been much interest in decomposing the complete 
multigraph )~K,, into edge-disjoint copies of a graph G. The most popular choices for 
G have been a complete graph (block designs) and a cycle. This problem has also 
been studied in the context of  directed graphs (see, for example, [2-7]). 
A decomposition of  2DKv into arc-disjoint k-circuits (directed cycles of length k) 
is, by definition, a (v,k, 2)-Mendelsohn design (briefly (v,k, 2)-MD). In particular, a 
decomposition of 2DK~ into 3-circuits is equivalent to a perfect (v, 3, 2)-MD. We refer 
to a decomposition of 2DKv into k-circuits as a k-circuit design of  2DK~. A similar 
terminology applies to DKm, n, the complete bipartite directed graph with vertex set 
Xl II X2 where Y 1 and X 2 are disjoint and ]Xll = m, I)(21 = n. 
The following two known results can be found in [4,5]. 
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Lemma 1.1. There exists a 3-circuit design of  2DK~ if and only i f  2v(v - 1) - 0 
(mod 3) and v>.3, except for  (v, 2) = (6, 1). 
Lemma 1.2. There exists a 4-circuit design of  2DKv i f  and only i f  
(1) v=_ O or 1 (rood4) and v > 4 Jbr 2>/1, 
(2) v -2  or 3(mod4) and v>~6 or v=4 for  2 even. 
As a natural generalization of a circuit design, we introduce the notions of packings 
and coverings of )~DKL, by circuits. A packing (covering) of )~DK~ by k-circuits is 
defined to be a collection ~ of k-circuits of ).DKv such that any two distinct vertices x
and y of 2DK~ are linked by an arc from x to y in at most (at least) 2 circuits of D. 
If  no other such packing (covering) has more (fewer) circuits, the packing (covering) 
is said to be maximum (minimum), and the number of circuits in a maximum packing 
(a minimum covering) is called the packing number (the covering number), denoted 
by P~.(v,k) (C~(v,k)). The main problem here is to determine the values of P¢~(v,k) 
and C~(v,k) for all integers v>~k. Let 
S~.(v,k) = [ ) .v(v-  1)/kj and T~.(v,k)= [2v(v-  1)/kT, 
where v>~k, and where Lx] denotes the greatest integer y such that y<~x and Ix7 de- 
notes the least integer y such that y ~>x. It is easy to see that the following inequalities 
hold: 
P¢.(v, k) <~ S¢.(v, k) <~ T~(v, k) <~ Cx(v, k ). (1.1) 
In this paper, we shall be concerned with the cases k = 3 and 4, where we present 
a complete solution to the problem. Note that P~.(v,k) = S~.(v,k) and C~,(v,k) = 
Tx(v,k) whenever a k-circuit design of 2DK~ exists. Hence, in particular, we have 
by Lemmas 1.1 and 1.2 the following results. 
Lemma 1.3. Let v>~3 and 2/>1 be integers. Then Pj~(v, 3 )= S¢.(v, 3) and C;~(v, 3 )= 
T~.(v, 3) i f2v(v  - 1) = 0(mod3) and (v, 2) ¢ (6, 1). 
Lemma 1.4. Let v>>.4 and 2~>1 be integers. Then Px(v,4) = S~.(v,4) and Cj.(v,4) = 
T).(v, 4) if 
(1) v - -0  or 1 (mod4) andv  > 4 for  2~>1; and 
(2) v -  2 or 3 (mod4) and v>~6 or v : 4 for 2 even. 
For convenience, we state the main results of this paper. The following theorem is 
proved in Section 2 and establishes the conclusive result for both the packing number 
P~,(v, 3) and the covering number C~,(v, 3). 
Theorem 1.5. Let v >~ 3 and 2 >~ 1 be integers. Then 
(1) C;~(v, 3) = T;~(v, 3) + 1 i fv  - 2(mod3) and )~ - 1 (mod3) or (v, 2) = (6,1); 
C;~(v, 3) = T;o(v, 3) otherwise. 
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(2) P;,(v, 3) = S;.(v, 3) - 2 tf (v, 2) = (6, 1); P;.(v, 3) = Si(v, 3) - 1 ~v  - 2(rood3) 
and 2 = 2 (mod 3); P;.(v, 3) = S;,(v, 3) otherwise. 
Our next result, which can be found in Section 3 of the paper, completely determines 
the packing number P;.(v,4) and the covering number C;.(v,4). 
Theorem 1.6. Let v >>- 4 and 2 >1 1 be integers. Then 
(1) C;~(v,4)= T;(v,4) and P;,(v,4) = S;(v,4) except jor the pair (v, 2) where ~: : 4 
and ), is odd; and 
(2) C;.(4,4) : T;.(4,4)+ 1 and P;,(4,4) == S; . (4 ,4) -  1 for each odd 2. 
2. Packings and coverings of kDK~ by 3-circuits 
In this section, we shall completely determine the packing number P;.(L', 3) and the 
covering number C;,(v, 3). In view of Lemma 1.3, we need to consider only cases 
v = 6 for ). = 1 and v - 2 (mod3)  for ), ~- 1 or 2(mod3).  For convenience, we shall 
denote a k-circuit by (ao, al . . . . .  ak-1) consisting of  arcs (ai, ai+l) for O<~i<~k - l 
where subscripts are reduced modulo k. 
Lemma 2.1. Let v>>,3 and ).>~1 
2 _= 1 (mod 3). Then 
(1) C;(v, 3) = T;.(v, 3) + 1, and 
(2) P;.(v, 3) = S;,(v, 3). 
be integers satisfying v ~ 2(mod3)  and 
Proof. For equality (1), we first observe that C;(v, 3)>~T;(v, 3) + 1. In fact, if the 
inequality does not hold, then we have C;(v, 3) = T~(v, 3) = ½().v(v- 1)+ 1) by 
(1.1). This means that 2DK~ plus some arc, say (x, y), will form a decomposition i to 
3-circuits. We label the v vertices x, y,z .. . .  with v different integers f (x) ,  f (y ) ,  f ( z )  .... 
and label each arc (u, w) with the difference f (w) -  f (u) .  It is obvious that the sum of 
three differences in any 3-circuit is zero. Consequently, all the differences from 2DK,: 
and the arc (x, y)  will sum to zero. However, the differences from ).DK~ already sum 
to zero, and this implies that f (y )  - f (x )  = 0, which is a contradiction. It is known 
[1] that DK~, can be decomposed into (v(v - 1) - 2)/3 3-circuits and two arcs (a,b) 
and (b,a) for some pair of vertices a and b when t' = 2(rood3). So we can use 
two 3-circuits to cover the missing arcs (a,b) and (b,a) to get a covering of DK,: 
by Tl(V,3)+ 1 = I v (v -  1)/31 + 1 3-circuits. When ), > 1, we can express it in the 
form ). = )~1 + 1 where ),1 = 0(mod3).  Combining the above covering of DK~ and 
a 3-circuit design of  2jDK~ mentioned in Lemma 1.1 gives a covering of  ).DK, with 
"f;.(v, 3) + 1 3-circuits, which implies that C~ (v, 3) ~< T;.(v, 3) + 1. Therefore, the equality 
( 1 ) holds. 
For equality (2), noticing the fact that DK~, can be decomposed into ~(v(v -  l) 2) 
3-circuits and two arcs (a,b) and (b,a) for some pair of vertices a and b and (1.1), 
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we have Pi(v,3) = $1(v,3). As we did above, we now combine a maximum packing 
of  DK~ and a 3-circuit design of  21DK~ to obtain a packing of  2DKo by S;~(v,3) 
3-circuits when 2 = 21 + 1 > 1. Then the equality (2) follows from (1.1) and the 
proof is complete. 
Lemma 2.2. Let v >~ 3 and 2 >1 1 be integers atisfying v - 2 - 2 (mod 3). Then 
(1) C;.(v,3) ~- T;~(v,3), and 
(2) P;~(v,3) = S;~(v,3) - 1. 
Proof. The proof is similar to that above. 
For (1), we first show that there exists a covering of  2DKv with T;~(v,3) 3-circuits. 
As mentioned earlier, DKv can be decomposed into l ( v (v -  1) -  2) 3-circuits and two 
arcs (a,b) and (b,a) for some pair of  vertices a and b when v - 2(mod3).  Hence, 
we can construct a packing ~) of  2DKv with 2(v(v - 1) - 2) 3-circuits which cover 
all the arcs of  2DK~ except for two pairs of  arcs in the form (a,b), (b,a) and (b,c), 
(c, b). This packing together with another two 3-circuits (a, b, c) and (c, b, a) provides a 
covering of  2DK~ with T2(v,3) 3-circuits. I f2  > 2, then we can write 2 = 21 +2 where 
21 -- 0(mod3) ,  and hence a covering of 2DK~ with T;~(v, 3) 3-circuits is obtained by 
taking a minimum covering of  2DKo and a 3-circuit design of 21DKv in Lemma 1.1. 
We then use (1.1) to establish the equality (1). 
For (2), we can construct a packing of  2DK~ with S;~(v, 3) -1  3-circuits by combining 
two copies of  a maximum packing of DKv and one copy of a 3-circuit design of 21DKv, 
where 2 - -2 i  + 2 and 21 = 0(mod3).  In a manner similar to that in Lemma 2.1, we 
can also show that P;~(v, 3)<<,S;~(v, 3 ) -  1. Therefore, the Eq. (2) holds and the proof 
is complete. 
Lemma 2.3. (1) P1(6,3) = S1(6 ,3 ) -  2 = 8, and 
(2) C1(6,3) = T1(6,3) + 1 = 11. 
Proof. Since it is well known [2,6] that there does not exist a decomposition of 
DK6 into 3-circuits, it follows that PI (6,3)  < S1(6,3) = 10 and C1(6,3) > T1 
(6 ,3 ) - -  10. 
On the other hand, a covering of  DK6 by 11 3-circuits can be obtained with the 
following collection D of 3-circuits: 
D = {(1,2,4), (1,4,3), (2,1,3), (2,5,4),(6,1,5), (5,1,6), 
(5,3,4), (3,5,2), (2,6,3), (3,6,4), (4,6,2)}. 
Therefore we have C1(6,3)-----Tl(6,3)+ 1 = 11. 
Note that the first eight 3-circuits listed in the collection D above form a packing 
into DK6. We now show that there is no packing with nine 3-circuits into DK6. I f  not 
so, the differences from either DK6 or the packing for any labelling of the vertices will 
sum to zero. Then the differences from the remaining three arcs will also sum to zero. 
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We distinguish the following two cases: 
(1) the three arcs are disjoint, 
(2) there are two arcs forming a path of  length two. 
In case (1) suppose the three arcs are (vl,v2), (v3,v4), and (vs, v6) and vertex vi is 
labelled with i. We then have three differences all equal to one, which cannot sum to 
zero - -  a contradiction. 
In case (2) suppose the three arcs are (Vl,V2), (v2, v3) and (vi, vj). Label vl and v3 
with 1 and 6, respectively. Label the remaining four vertices with 2, 3,4 and 5. Since 
I f (v2)  - f (v l  )] + [f(v3) - f(v2)] + [ f (v j ) -  f (vi)]  = 0, we have f (v j )  - f (v i )  = -5 .  
According to our labelling, we have f (v j )=  1 and f (v i )=  6. Thus (vi, v j )=  (v3, vl ). 
In such a case, the three arcs form a 3-circuit and we obtain a decomposition of 
DK6 into 3-circuits, which is impossible. This establishes the result that P1(6, 3) : 
S1(6 ,3 ) -  2 = 8 and the proof is complete. 
Summarizing the results of Lemmas 2.1-2.3 and Lemma 1.3, we have proved the 
following restatement of Theorem 1.5. 
Theorem 2.4. Let v >~ 3 and 2 >~ 1 be inteyers. Then 
(1) C~.(v, 3) = T~.(v, 3) + 1 i fv  =- 2 (mod3)  and )~ =- 1 (rood3) or (v, 2) = (6,1); 
C~.(v, 3) = T~(v, 3) otherwise. 
(2) P~(v, 3) = S).(v, 3) - 2 i f  (v, 2) = (6, 1 ); P).(v, 3 ) = S~.(v, 3) - 1 if v ~ 2 (mod 3 ) 
and )~ = 2(mod3);  P;.(v,3) = S)~(v, 3) otherwise. 
3. Packings and coverings of kDK~ by 4-circuits 
In this section, we turn our attention to the determination of the packing number 
P).(v,4) and the covering number C~(v,4). We commence with some direct construc- 
tions. 
Lemma 3.1. I f v  E {6,7}, then P l (v ,4 )= Sl(v,4). 
Proof. From (1.1), we need only construct a packing with Sl(v, 4) 4-circuits for each 
of the specified values of  v. The required packings are presented as follows. 
For v = 6, the vertex set of  DKv is { 1,2, 3, 4, 5, 6} and the 4-circuits are 
(1,6,5,4), (1,2,4,5), (1,3,2,6), (1,4,6,2), 
(1,5,2,3), (3,5,6,4), (2,5,3,4). 
For v = 7, the vertex set of DKv is Z~,-2 tO {x, y} and the 4-circuits are obtained by 
developing the 4-circuits (x, 0, 1,3) and (y,0,3,2)  modulo 5, where x and y are fixed. 
Lemma 3.2. I f v  E {6,7}, then C1(v,4) = Tl(V,4). 
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Proof. The proof is similar to that of Lemma 3.1. A minimum coveting of DK6 is 
given by the following 4-circuits: 
A minimum 
(5, 6,2,4), (5,6,1,3), 
(5, 1,4,6), (5,2,3,6), 
covering of DK7 
(x, y,2, 3), (x, 2, y, 0), 
(x,4, 1,2), (y,x,0,4),  
(0,1,3,2), (0,3, 1,4), 
(5,4,3, 1), (3,4, 2, 5), 
(3,2, 1,6), (6,4, 1,2). 
is given by the following 4-circuits: 
(x, y, 3,4), (x, 3, y, 1), 
(y,x, 1,0), (y,4,2, 1), 
(0,2,4,3). 
Lemma 3.3. (1) C1(4,4) = T1(4,4) + 1 = 4, and 
(2) P1(4,4) = $1(4 ,4 ) -  1 = 2. 
Proof. From Lemma 1.2 we have P1(4,4)~<S1(4,4) -  I and C1(4,4)~>T1(4,4)+ 1. 
Now let the vertex set of DK4 be Z4. A minimum covering of DK4 with four 4-circuits 
is obtained by developing the 4-circuit (0,2, 1,3) modulo 4. A maximum packing of 
DK4 which is given by taking the following two 4-circuits: 
(0, 1,2,3), (3,2, 1,0). 
In order to obtain our main result, we also require the following known result, which 
is contained in [3,5]. 
Lemma 3.4. I f  m >~k, n >~k and i f  k divides m or n, then there ex&ts a 2k-circuit 
design of DK .... 
The following main result is a restatement of Theorem 1.6. 
Theorem 3.5. Let v>~4 and 2>>. 1 be inteyers. Then 
(1) C;~(v,4)= T;~(v,4) and P;~(v,4) = S;~(v,4) except for the pair (v, 2) where v = 4 
and 2 is odd; and 
(2) C;~(4,4) = T;.(4,4) + 1 and P;~(4,4) = S;~(4,4) - 1 for each odd L 
Proof. From Lemma 1.4 we need to consider only the cases v = 4 and v -= 2 or 
3 (mod4)  for odd 2. 
For the case v = 4, we first note that there is no 4-circuit design of )d)K4 for odd 2 
by Lemma 1.2. So P;.(v,4)<<,Sj~(v,4)-1 and C;~(v,4)>~T;~(v,4)+l for any odd 2. When 
2 = 1, the result was established in Lemma 3.3. When 2 > 1, we write 2 = 21 + 1, 
where 21 is even. Then a maximum packing o f / log4  consists of a maximum packing 
of DK4 and a 4-circuit design of ,~IDK4. Similarly, a minimum coveting of 2DK4 
consists of a minimum coveting of DK4 and a 4-circuit design of 21DK4. 
For the case where v ~ 2 or 3(mod4) ,  we first deal with the case 2 = 1. In 
view of Lemmas 3.1 and 3.2, we may assume v~> 10. Let the vertex set of DKv be 
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V = XL UX2 U {oc} with IXll = v -  6 - q and IX=l : 5 + q where q = 0 or 1 
depending on whether v = 2 or 3 (mod 4). From Lemma 3.4, there exists a 4-circuit 
design of DKc-6-q,5+q based on Xt UX> Since t: 6 - q -= 0 (mod 4), there also exists 
a 4-circuit design of DK~,-6-q+1 based on X1 LJ {vc}. Thus the maximum packing and 
minimum covering of DK6+q stated in Lemmas 3.1 and 3.2 can be utilized to create a 
packing and a covering of DK,, with Sl(v,4) and T1 (v, 4) 4-circuits, respectively. Thus 
the conclusion follows. When 2 > 1, constructions similar to those preceding can be 
applied. We can make use of a maximum packing (minimum covering) of DK, and a 
4-circuit design of (2 -  I)DK,: to obtain the desired result. This completes the prool\ 
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